Abstract. The concepts of δβI-lower and δβI-upper approximation as a generalization of rough set theory via δβI-open sets are introduced and studied. Some of its basic properties with the aid of examples are proven. Furthermore, the established relationships between the rough approximations reported in [2] and our new approximations are examined.
Introduction
Rough set theory (RST) is an important mathematical approach that was developed by Pawlak in [19] to overcome the difficulties associated with vague and complicated data. However, (RST) has rapidly found a lot of applications in numerous fields [2, 4, 8, 17, 20, 24] . This method has been developed to manage uncertainties from information that presents some inexactitude, incompleteness and noises. When the available information is insufficient to determine the exact value of a given set, lower and upper approximations can be used by rough set for the representation of the concerned set. The approximation synthesis of concepts from the acquired data is the main objective of the rough set analysis. For example, if it is difficult to define a concept in a given knowledge base, rough sets can approximate with respect to that knowledge. In decision making, it has been confirmed that rough set methods have a powerful essence in dealing with uncertainties. The RST has been applied in several fields including image processing, data mining, pattern recognition, medical informatics, knowledge discovery and expert systems. Using the concepts of lower and upper approximations in rough set theory, knowledge hidden in information systems may be unraveled and expressed in the form of decision rules. The basic operators in rough set theory are approximation operators. Many examples of applications of the rough set theory to process control, economics, medical diagnosis, biochemistry, environmental science, biology, chemistry psychology, conflict analysis and other fields. Ideals in topological spaces have been considered since 1930, by Kuratowski [15] . This topic has won its importance by the paper of Vaidyanathaswamy [22] . In 2006, Hatir et al. [10] defined the concept of δβ-open sets. Then, in terms of δβ-open sets, Abu-Donia et al. [2] generalized rough approximation spaces due to [19] . In this note, the concepts of δβI-lower and δβI-upper approximation as a generalization of rough set theory via ideals are introduced. Some of its basic properties with the aid of examples are proven. Furthermore, the established relationships between the rough approximations outlined in [2] and our new approximations are examined.
Preliminaries
Throughout this paper, P(X) denote the power set of X. Let A be a subset of a topological space (X, τ ). The closure, interior and the complement of a subset A of X are denoted by cl(A), int(A) and (A) c respectively.
A subset A is said to be regular open (resp. regular closed) [21] 
Lemma 2.1. In a topological space (X, τ ), the following properties hold (i) [10] β-open set is δβ-open.
The rough set theory was introduced by Pawlak [20] based on an equivalence relation R on a finite universe X. The equivalence classes R x of R, is defined as R x = {x ∈ X | xRy}. Let A be a subset of the approximation space K = (X, R), he considered two operators, the lower and upper approximations of subsets.
Positive, negative and boundary regions respectively are also defined
The degree of completeness can also be characterized by the accuracy measure, in which |A| represents the cardinality of a subset A⊆X as follows:
Accuracy measure try to express the degree of completeness of knowledge. α R (A) is able to capture how large the boundary region of the data sets is. However, we cannot easily capture the structure of the knowledge. A fundamental advantage of rough set theory is the ability to handle a category that cannot be sharply defined.
The characteristics of a potential data set can be measured through the rough sets framework. We can measure inexactness and express topological characterization of imprecision as follows:
[2] Let X be a finite nonempty universe. The pair (X, R δβ ) is called a δβ-approximation space where R δβ is a general relation used to get a subbase for a topology τ on X which generates the class δβO(X) of all δβ-open sets.
Definition 2.4.
[2] Let (X, R δβ ) be a δβ-approximation space. δβ-upper approximations and δβ-lower approximation of any nonempty subset A of X are defined as follows:
Theorem 3.5. Let I and J be any two ideals on a topological space (X, τ ) with
Proof. Follows directly from (vii) Corollary 3.1.
Approximation Spaces Based On δβI-Open Sets
This section aims to generalize δβ-approximation space attributed to [2] to δβI-approximation space via ideal. δβI-upper approximation and δβI-lower approximation are presented. Several of their basic properties and the interrelatedness between them are obtained. Furthermore, some of counter examples for comparison between the current approach and the approach reported in [2] are provided. Definition 4.1. Let X be a finite nonempty universe and I be any ideal on X. The pair (X, R δβI ) is called a δβI-approximation space, where R δβI is a binary relation on X used to get subbase for a topology on X, which generate the class of δβI-open sets.
Example 4.1. Let X = {a, b, c, d, e} be a universe, I = {{a}, {c}, {a, c}, Ø} and
, (e, e)} be a binary relation on X thus aR = dR = {a, e}, bR = {c, d} and cR = eR = {e}. Then,
is the class of δβI-open sets generated by R. Consequently, (X, R δβI ) is a δβI-approximation space. Definition 4.2. Let (X, R δβI ) be δβI-approximation space and A be a nonempty subset of X. Then, for any ideal I on X, δβI-upper approximation and δβI-lower approximation are defined as follows:
Definition 4.3. Let (X, R δβI ) be δβI-approximation space and A be a nonempty subset of X. Then, δβI-accuracy measure of A is defined as
, (e, e)}, then Table 6 .1 shows that δβI-upper approximation, δβI-lower approximation and δβI-accuracy measure for any nonempty subset A of X. Additionally, it establishes comparison between the δβI-accuracy measure and δβ-accuracy measure due to [2] for a set A.
Some of the fundamental properties of δβI-approximation space will be shown in the next theorems.
Theorem 4.1. Let (X, R δβI ) be a δβI-approximation space and I, J be two ideals on X with I ⊆ J . Then, for any set A the following statements hold
Proof. It is obvious in view of Theorem 3.5.
Theorem 4.2. Let (X, R δβI ) be a δβI-approximation space and A, B be subsets of X, then for any ideal I the following statements hold
(ii) R δβI (Ø) = Ø = R δβI (Ø) and R δβI (X) = X = R δβI (X).
Proof. (i) Follows directly from Lemma 3.1 and Definition 4.2.
(ii) Obvious from Definition 4.2.
Theorem 4.3. Let A be a subset of a δβI-approximation space (X, R δβI ), then for any ideal I the following statements hold Table 6 .1, the following is observable:
Theorem 4.4. Let A, B be subsets of a δβI-approximation space (X, R δβI ), then for any ideal I the following statements hold (iv) If A = {e} and B = {a, b}, then R δβI (A) = {a, e}, R δβI (B) = {a, b} and
Proof. The proof is obvious from Theorem 4.2(iii).
Definition 4.4. Let A be a subset of a δβI-approximation space (X, R δβI ), then for any ideal I the following statements hold
Lemma 4.1. Let A be a subset of a δβI-approximation space (X, R δβI ), then for any ideal I the following statements hold
Example 4.5. Table 6 .2 shows the relation between δβI-boundary and δβ-boundary, for any set A.
Lemma 4.2. Let A be a subset of a δβI-approximation space (X, R δβI ), then for any ideal I the following statements hold
Proof. (i) In view of Theorem 4.2 and Definition 4.4, δβI
. By the same manner we can prove (ii) and (iii).
Lemma 4.3. Let A be a subset of a δβI-approximation space (X, R δβI ), then for any ideal I the following statements hold
Theorem 4.5. Let (X, R δβI ) be a δβI-approximation space and I, J be two ideals on X with I ⊆ J . Then, for any set A, δβJ − b(A) ⊆ δβI − b(A).
Proof. Let x ∈ δβJ − b(A), then x ∈ R δβJ (A) − R δβJ (A) and so x ∈R δβJ (A) and x ∈ R δβJ (A). Since R δβJ (A) = X − R δβJ (X − A), then x ∈ R δβJ (X − A). Since I ⊆ J , then x ∈ R δβI (A) and x ∈ R δβI (X − A) from Theorem 4.1. Hence, x ∈ R δβI (A) and x ∈ R δβI (A) and so
Definition 4.5. Let A be a subset of a δβI-approximation space (X, R δβI ) and I be an ideal on X. δβI-strong memberships, ∈ δβI (resp. δβI-weak memberships, ∈ δβI ) are defined as (i) x∈ δβI (A) if and only if x ∈ R δβI (A).
(ii) x∈ δβI (A) if and only if x ∈ R δβI (A).
In view of (i) of Theorem 4.2, the following lemma is obvious and then the proof is omitted.
Lemma 4.4. Let A be a subset of a δβI-approximation space (X, R δβI ) and I be an ideal on X. Then, (i) x∈ δβI (A) =⇒ x∈ δβ (A).
(ii) x∈ δβ (A) =⇒ x∈ δβI (A).
(iii) x∈ δβI (A) =⇒ x∈ δβI (A).
The converse may not be true in general as seen in the following example.
Example 4.6. In Example 4.1 and Table 6 .1, we have (i) Let A = {a, b}, then a, b∈ δβ (A) and a, b ∈ δβI (A).
(ii) Let A = {e}, then a∈ δβI (A) and a ∈ δβ (A).
(iii) Let A = {d}, then c∈ δβI (A) and c ∈ δβI (A). Definition 4.6. Let (X, R δβI ) be δβI-approximation space and A, B ⊆ X. Then, for any ideal I, we say that
(ii) A is δβI roughly top included in B, symbolically A⊂ δβI B, if R δβI (A)⊂ δβI R δβI (B).
(iii) A is δβI roughly included in B, symbolically A⊂ δβI B, if A⊂ δβI B and A⊂ δβI B.
Example 4.7. In Example 4.1 and Table 6 .1, it is clear that {a, c, e}⊂ δβI {a, b, d, e}, {a}⊂ δβI {e} and {d}⊂ δβI {a, d}.
Definition 4.7. Let (X, R δβI ) be a δβI-approximation space and I be any ideal on X. Then, the subsets A, B of X are said to be (i) δβI roughly bottom equals, symbolically A∼ δβI B, if R δβI (A) = R δβI (B).
(ii) δβI roughly top equals, symbolically A ≃ δβI B, if R δβI (A) = R δβI (B).
(iii) δβI roughly equals, symbolically A ≈ δβI B, if A∼ δβI B and A ≃ δβI B.
Example 4.8. In Example 4.1 and Table 6 .3, we have {d}∼ δβI {a, d} and {a, d, e} ≃ δβI {c, d, e}.
Definition 4.8. Let (X, R δβI ) be δβI-approximation space and I be any ideal on X. Then, a subset A of X is called
Example 4.9. As in Example 4.1 and Table 6 .1, let (X, R δβI ) be δβI-approximation space, we have the sets {a, e}, {c, d}, {a, b, e} and {b, c, d} are R δβI -exact and other sets are R δβI -rough.
Lemma 4.5. Let (X, R δβI ) be δβI-approximation space. Then, (i) every δβI-exact is δβ-exact.
(ii) every δβ-rough is δβI-rough.
Proof. Follows directly from Theorem 4.2.
The converse of Lemma 4.5 may not be true in general as seen in the following example.
Example 4.10. In Example 4.1 and Table 6 .1, then the set {c} is δβ-exact, but it is not δβI-exact. Definition 4.9. Let (X, R δβI ) be δβI-approximation space. Then, for any ideal I a subset A of X is called
(ii) Internally R δβI -undefinable, if R δβI (A) = Ø and R δβI (A) = X.
Example 4.11. In Example 4.1 and Table 6 .1, then the sets {a}, {b}, {c}, {b, c}, {a, b}, {a, c}, {a, b, c} are internally R δβI -undefinable. The sets {d, e}, {a, d, e}, {c, d, e}, {b, d, e}, {a, c, d, e}, {a, b, d, e}, {b, c, d, e} are externally R δβI -undefinable. The sets {a, e}, {c, d}, {a, b, e}, {b, c, d} are R δβI -definable. All other non empty proper subset are roughly R δβI -definable. Corollary 4.2. For any δβI-approximation space (X, R δβI ). The following statements are hold: (i) Roughly R δβI -definable is roughly R δβ -definable.
(ii) Internally R δβ -undefinable is internally R δβI -undefinable. (iii) Externally R δβ -undefinable is externally R δβI -undefinable.
(iv) Totally R δβ -undefinable is totally R δβI -undefinable. {b, d}, {b, c, d} {a, e}, {a, c, e} {b, e}, {a, b, e} {c, d}, {a, c, d} {c, e}, {a, c, e} {a, b, e}, {a, b, c, e} {a, b, d}, {a, b, c, d} {b, c, d}, {a, b, c, d} {b, c, e}, {a, b, c, e}
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